We show some new variations on Tasoev's continued
Introduction
As usual, = [a 0 ; a 1 , a 2 , . . .] denotes the simple (or regular) continued fraction expansion of , where = a 0 + 0 , a 0 = , 1/ n−1 = a n + n , a n = 1/ n−1 (n 1). if c 0 is an integer, c 1 , . . . , c n are positive integers, Q 1 , . . . , Q p are polynomials with rational coefficients which take positive integral values for k = 1, 2, . . . and at least one of the polynomials is not constant (see [1, 8, 9] , e.g.).
e = [2; 1, 2k, 1] are well-known examples. But, no example has been known such that deg Q j (k) > 1 in k. Tasoev [11, 12] Hurwitzian but Q j (k) is exponential in k instead of polynomials. He showed the closed form when m = 1, but it had an error. The author obtained the correct closed form for any positive integer m in [5] . In this paper some new results belonging to this new class of continued fractions shall be shown. This continued fractions by Tasoev may be new but it is related to some known continued fractions. In this paper, some relations with Rogers-Ramanujan continued fractions are mentioned.
Tasoev's continued fractions
Let a be any positive integer with a 2. The author [5] obtained the corrected form which Tasoev proposed with a mistake. Namely,
Throughout the paper, in the case where s = 0, an empty product denotes 1. This result is slightly extended as
where u is rational so that ua is a positive integer [6] . In [6] we considered the power series f n (z) = ∞ s=0 r n,s z s , satisfying the relation 
It is interesting to compare with the continued fraction whose partial quotients consist of arithmetic progressions
, where I (z) are the modified Bessel functions of the first kind, defined by [2, 7] .
The first new result is a variation of this type, stating the following.
Theorem 1.
[0; 
Proof of Theorem 1. Consider a power series of z
satisfying the recurrence relation
where
Then from
and Lemma 1 we have
Now, by comparing the constant term and the coefficient of z s
From (3) we have
We can put r 0,0 = 1 without loss of generality. Otherwise, r 0,0 will be cancelled in the form of the fraction
if n is even,
if n is odd.
Let s 1. From (4), if n is even then
if n is odd then
Put s = 1. If n is even, by (5) and (6) we have
Separating the terms including n from the constant terms without n, we have
If n is odd, by (5) and (7) we have
Together with r 0,1 = uar (4) and (5), we obtain
Therefore,
In general, we can prove that
by induction. Assume that it holds up to s − 1 and s. If n is even, from (6)
r n,s+1
If n is odd, from (7)
Since from (4)
by separating the general term including n from that where n = 1, we obtain
and
we have the desired result.
If we consider the continued fraction expansion 1 , a 2 − 1, 1, a 3 − 1, a 4 − 1, 1, a 5 − 1 
respectively.
Corollary 1.
[0; ua, va 2k − 1, 1,
Tasoev's continued fractions (m = 2)
Tasoev's continued fractions in the case of m = 2 is given by
which was also shown in [5] . A more general one obtained in [6] is as follows:
where u and v are rational so that ua and va are positive integers. If we notice the relation
we can have an extended variation of this type.
Theorem 2.
[0;
The proof is similar and omitted. If we use the relation
instead, we have the following.
Corollary 2.
[0; ua,
Rogers-Ramanujan continued fractions
Rogers-Ramanujan continued fractions have the form [3, pp. 290-295 ], e.g.). We shall show the relation between Rogers-Ramanujan continued fractions and Tasoev's continued fractions in the case m = 2.
As it is well-known, there exists an identity;
Especially, for a = 1
.
By the equivalence transformation in [4, 2.3 .23, p. 35], we get
On the other hand, by setting v = 1 in a general Tasoev's continued fraction in the case m = 2, we have
We have
Therefore, we obtain the relation between Rogers-Ramanujan continued fractions and Tasoev's continued fractions in the case of m = 2
Especially, for u = 1 we obtain the following identity: 
